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Abstract
WeconsiderastrategicfOrmgamewithasymmetricinfbrmationwhereplayerscanexchangetheirinfbrmation
throughthelinkcommunicationsystem.WederivetheNTU-gamefromthestrategicfbrmgameaboveand
definethesolutionconceptofcorethatisthesetofpayoHprofilesplayersfromwhichanycoalitiondoesn't
haveanyincentivetodeviate.Mainpropositionistoprovethenonemptinessofthesolutionconditionalonthe
propertyofthelinkcommunicationsystem.
Keywords:NTU-gamederivedfromstrategicfbrmgame,linkcommunicationsystem,Q,-
core
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11ntroduction
Thisseminalworkisaresearchonthecoreofagamewithasymmetricinfbrmation.Weconsidera
strategicfbrmgamewithasymmetricinfbrmationwhereplayerscanexchangetheirinfbrmationthrough
thenetworkwhichiscalledlinkcommunicationsystem.WederivetheNTU-gamefromthestrategic
fbrmgameaboveanddefinethesolutionconceptofcore.Mainpurposeofthepaperistoexaminethe
nonemptinessofthecoreinrelationtothepropertyofthelinkcommunicationsystem.
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Intheliteratureoftheresearchesonthecore,Scarf(1971)provesthenonemptinessofthecore
ofthegameinsymmetricinfbrmationcaseusingthebalancednesscondition.Wilson(1978)examines
theasymmetricinfOrmationcaseanddefinedthecoreswithtwoinfbrmationexchangepatterns.The
coarsecoreisbasedontheideamembersinacoalitioncanuseonlythecommoninfOrmationamong
them,whilethe伽ecoreisbasedontheideatheycanexchangeinfOrmationfUlly.Thenon-emptiness
ofthecoarsecoreisshowningeneralsettings.NotethatWilson(1978)considersinterimdecision
makingincontrastthatthispaperconsidersex-antedecisionmaking.Yannelis(1991)considersthe
casewhereeachplayeruseshisorherprivateinfbrmationindependentofthecoalitionheorshebelongs
to.Non-emptinessoftheprivatecoreisshowninhispaper.
Maus(2003)adoptsarathergeneralinfbrmationexchangewhichiscalledthecommunicationsys-
tenl・Itexogenouslyprovideseachplayer'sinfbrmationdependentonthecoalitionheorshebelongs
to・Itisprovedthatthecoreofthegamederivedfromanexchangeeconomyisnonemptyifacommu-
nicationsystemisnested.'
HiraseandUtsumi(2005)extendtheseminalworkbyMaus(2003).Theyadopttheexternalityand
fbrmulateacoreconceptoftheNTU-gamederivedfromastrategicfOrmgamewithcommunication
system.ThemodelisanextensionofMaus(2003)inthesensethatanexchangeeconomycanbe
consideredasaspecificstrategicfbrmgame.
Hirase(2009)examinesthepartialcooperationsituationbyusingnetwork2.Themodeldealswith
thegamewhereplayerscancooperateandexchangeinfbrmationonlythroughthenetworkwhichis
callednetworkcommunicationsystemandgivenexdogenously.Itisprovedthatthecoreconceptis
nonemptyifnetworkcommunicationsystemisnested.
Inthisseminalwork,wewouldliketoexaminethelinksinthenetworkcommunicationsystem
morepreciselyandtoprovethenonemptinessofthecoreconcept.Fbrthispurpose,wede6nethe
strategicfOrmgamewiththe''link''communicationsystemandderivetheNTU-gamefromit.Then
wedefinethecoreconceptandprovethenonemptinessofitconditionalonthepropertiesofthelink
communicationsystem.
Therestofthepaperisorganizedasfbllows・Section2isthede6nitionsofthegame,theproper-
tieslinkcommunicationsystem,andthecoreconcept.Insection3,weanalyzethecorewithalink
communicationsystemandgiveasufficientconditionfbritsnonemptiness・Section4presentssome
examples.ConcludingremarksandfUtureproblemsaregiveninsection5.
1NestednessofthecommunicationsystemmeansthatlargercoalitiongivesmembersmoreinfOrmation
2TheideaisbasedonMyerson(1977).
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2TheModel
Atfirst，wedefinethestrategicfOrmgamewithlinkcommunicationsystemwhereplayerscan
exchangetheirinfOrmationthroughthelinks・Second,wederiveNTU-gamefromthestrategicfbrm
gamewithlinkcommunicationsystem.Third，wede6netheo-coreoftheNTU-gameaboveandthe
propertiesofthelinkcommunicationsystem.
ThedefinitionsfOllowHirase(2009).ThedifferenceisthatHirase(2009)fOcusesonthenetwork
asawholewhilethisseminalworkfOcusesonthelinkscomposingthenetworkandthatthisseminal
workconsidersthegrandcoalitionisalwayspossibleincontrasttoHirase(2009).
Westartwiththenotationsconcerningaboutcoalition6LetJV={1,…,7z}beanonemptyfinite
setofpl"ers・Acoα賊onSisasubsetofN.A9mp/z(ornetwork)9onJVisasetoflinksbetween
{M'#｡'匡Ⅳ,j≠'}A"｡!…iscaleda"M.{j,j}皿…thelinktheplayers,thatis,9C
betweenplayeriandplayerj・LetGbethesetofallgraphsonN.
SupposethatgisinG,iandjareinN↑andSisacoalition.j(zndjα死co7mecte(imS6I/9
ifthereisasequence(710,…,71K)suchthatno=j,γlK=jandnkESand{"A_,;nk}Egfbrall
kE{1,…,K}.WedenotethesetoftheplayersconnectedtojinSbygasj(i,9).
Definition1.Astmte"c/brm9(Imeuﾉ〃lqnetujorhcommumcα"onsl/stemrisafOllowinglistof
data(ⅣⅢ9,Q,{Ai;f｡EN,{?§'9}iEN,scN).
。Ⅳ＝｛1,…:"}isthesetofplayers.
・gisagraphonN.
oQ={(AJ,)…’uj!}isthefinitestatespace.
・AiCWn!isthesetofactionsfbrplayeri.WeassumeAiisanon-empty,convex,andcompact
set．
･",:nie,v(A?)→疵isplayeri'spayofffunction.Weassumeuiisacontinuousandquasi-concave
functiononniEN(A?).
･{?f'9}'es,scNdetermineseachplayer:sinfbrmationwhichwecallthe""kcommIMca伽nsl/stem
fbr9."'9isapartitionofQfOrallSdVandiE3
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NotethatA？isthesetoffUnctionsfromQtoAi､WedenoteA？by函whichwecalltﾉﾙewW/ersql
strate9Z/se巾『pl"e""f'9istheinfOrmationofplayerjinSwhenthecoalitionSisfbrmed
Definition2.Thesetofpl"e"'sstmtegies/brm/brma伽γ〃§'9isde6nedbythefbllowing
図§'9:＝{び？E函lofisTf,g-measurable｝
Themeasurabilityconditionmeansthatplayericannottakedifferentactionsat(人ノandLJ'since
playericannotdistinctastate(L)fromanotherstate(人ﾉ'withtheinfbrmationP9'9’z，o
Fbrnotationalconvenience､wedenotethesetofjointstrategiesofthecoalitionSbyES=nieSEf，
ThetypicalelementofEsisos.ForallRCN,acoα"伽nstructureqfRisapartitionofR.Theset
ofallcoalitionstructureofRisdenotedbyP(R).Thatis,fbrRCN,P(R)isde6nedby
P(R):={低"-爵‘}息 ｝SI=RandSInS",=0,fOralll,mE{1,…,L}
Usingthisdefinitionofthestrategies,wedefineanNTU-gamefrmthestrategicfbrmgamewith
linkcommunicationsystemr.
Definition3．WedefinetﾉLejVTUc加racteris"cんnctionVder"ed方℃mastrategicんrm9qme
肌t/lα〃"kcommumcα〃07zsI/stemrasfbllows.
｛(雌‘,"…,")信呪"|vjEs,uigui(・富,("r)T庭｡）v(S):=Unn
osEEsQEP(NIs)(oT)TEQ
E(ET)TEQ
fbrallSEN*
｝
V(S)isthesetofpayoffprofiles,whichtheplayersinScanobtainatleast,eveniftheworstsituation
(coalitionstructureandstrategiesofNW)fbrSoccurs.Thisideaisbasedontheo,-effbctiveness
suggestedbyAumannandPeleg(1960).
Wesaythat(zcoα"伽71,SimpmTJes叩ont/ze狐"qがりectorumWifuisinintV(S)．Thismeans
thecoalitionShasanincentivetodeviatefromthesituationthatgivestheplayersthepayoffprofiles
u.ThemembersofScanbebetteroffbythedeviation.Inthissense，wecouldsayuisnotstablein
thissense,anducannotbeacandidatefbrasolutionconcept.Wedefinethesolutionconceptofthe
NTU-gameVwhichisrobustfOrthedeviationsinthissense.
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Definition4．昭branNTUcharacteristicfUnctionV,wedefinetﾉleco7℃伽tﾉlaJ加陶commumcqtio"
sZ/stemC(V)as
C(v):=v(S)IU
TCjV
intV(T)
Thecorewithalinkcommunicationsystemisthesetofthepayoffprofilesthatisachievedbythe
grandcoalitionandisnotimproveduponbyanycoalitionoftheplayers.WithoutconfUsion、weuse
thewordjust!Gcore''toexpressthecorewithalinkcommunicationsystem､
3TheResults
Inthissection,weexaminetherelationbetweenthepropertyofthelinkcommunicationsystem
andthenonemptinessofthecore.
Wecheckthenestednessofthecommunicationsystemde6nedbyMaus(2003).
Definition5.Alinkcommunicationsystem{P?'9}ies,scNis"este(jiffbrallSandTCJVsuch
thatSCT,
?f("j)3PF("J)fbralliESandLJEQ.
ThenestednessmeanseachplayerinthelargercoalitionhasthericherinfOrmation・Hiraseand
Utsumi(2005)provethenonemptinessofthecoredependentonthenestednessofthecommunication
systenl
Propositionl(HiraseandUtsumi,2005).ThecorewithanetworkcommunicationsystemofV
isnon-emptyifthelinkcommunicationsystemisnested.
WewouldliketodescribehowthenestedcommunicationsystemisachievedbyfOcusingtherole
ofthelinksinthecornmunicationsystemRomnowon,wecouldinterpret"i}'9asplayeri'sinitial
infbrmationpartitionanddefine零'9astheresultoftheinfbrmationexchangewithinthecoalitionS.
Defhnition6.Alinkcommunicationsystem{"'9}iEs,scNis"ectiffOralliESandSdV:
Pf'9(LAJ)= 八Pj'}''八Pf}''
jEs,('i,')Eg
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Thispropertymeansthateachplayercanexchangeinfbrmationonlythroughthedirectlinks・In
otherwords,eachplayercannottelltheinfbrmationwhichheorshehearsfromotherplayers・This
linkcommunicationsystemcouldbeinterpretedasaresultofashort-timecommunication.
Definition7.Alinkcommunicationsystem{"'9}ies｡ScNisi""ectiffOralliESandSCJV,
Pf'9(")= 八”}，，八”，，
jEj(f,s,9)
Thispropertymeansthateachplayercanexchangeinfbrmationthroughbothdirectlinksand
indirectlinks.Fbrinstance,playericantellplayerjtheinfbrmationwhichistoldbyplayerhthrough
links.Indirectlinkcommunicationsystemcouldbeinterpretedasaresultofalong-timecommunication
withinthecoalitions.
Wecancheckbothdirectandindirectcommunicationsystemsarenested
Lenllna.
・Ifthelinkcommunicationsystemisdirect、thenitisnested./
●Ifthelinkcommunicationsystemisindirect，thenitisnested
Combiningthelemmaandpropositionl,wecanobtainthatproposition2andproposition3hold
Proposition2・ThecorewithalinkcommunicationsystemoftheNTU-gameVisnon-emptyif
thelinkcommunicationsystemisdirect.
Proposition3・ThecorewithalinkcommunicationsystemoftheNTU-gameVisnon-emptyif
thelinkcommunicationsystemisindirect.
Wecaninterpretthepropositionsasfbllows.Whicheverthelinkcommunicationsystemisdirect
orindirect,ifthelinksconveytheinfOrmationandeveryplayercanobtainthericherinfOrmationin
largercoalitionthaninthesmallercoalition,thecommunicationsystemisnestedandhencethecore
isnonempty.
ConsideringthecoarseinfbrmationexchangebyWilson(1978),wecandefinethelinkcommunica-
tionsystembelow.
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Definition8.Alinkcommunicationsystem{"'9}ieS,ScNisco(mrseiffOralliESandSCJV,
"!9(")= VP)j}''V"}j}'’7}､，
jEj(i,s,9)
Wilson(1978)provedthenonemptinessofthecoreinthiscase.However,inthisseminalwork,the
nonemptinessofthecoreisnotnecessarilyensuredbythecoarselinkcommunicationsystem・Example
4inthenextsectionshowsacounterexample.ThisdifferencecomesfromthatWilson(1978)considers
theinterimdecisionmakingwhilethispaperconsiderstheex-antedecisionmaking.
4Exaxnples
Inthissection,wewouldliketomakethedifferencesinthepropertiesofthelinkcommunication
systemdefinedintheprevioussectionmoreclear.
Examplel,2,and3displaysdirect,indirectandcoarselinkcommunicationsystemrespectively.
Example4isacounterexampleofthelastparagraphintheprevioussection.
ExaInplel.ThefOllowingexampleshowsadirectlinkcommunicationsystem
JV={1,2,3,},9={{1:2},{2,3}},Q={"1,"2,"3}
PI'}'9={{"1},{"21"3},"2}'9={Q},?;3},9={{",,"2}､{"3}},
Tiv'9=PI'}'9､"'9={{"1},{"2}:{"3}},and,噂'9=?;3}'q
Player2isthehub.Considerthegrandcoalition,player2cantakeadvantageoftheinfOrmation
frombothplayerlandplayer3,whileplayerlandplayer3canusetheinfOrmationfromplayer2
only.Inotherwords,theinitialinfOrmationofplayerl(3)cannotbeavailablefbrplayer3(1).Note
thatthislinkcommunicationsystemisnested.D
Exannple2・Thefbllowingexampleshowsanindirectlinkcommunicationsystem
N={1,2,3,},9={{1,2},{2,3}};Q={"1,"2,"3}
Tl,}’9＝{{",}､{"2,"3}〃』2},9={Q}";3},9={{",,"2}:{"3}}and,
?W="="={{",},{"2},{"3}}.
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N,9,Q,andtheinitialinfOrmationoftheplayersaresameasinExamplel.
Considerthegrandcoalitionagain.IncontrasttoExamplel,theinitialinfOrmationofplayerl
(3)canbeavailablefbrplayer3(1)throughtwolinks.Allplayerscanusetheinitialinfbrmationof
everyplayer・Notethatthislinkcommunicationsystemisalsonested.D
Exanmple3･ThefOllowingexampleshowsacoarselinkcommunicationsystem
N={1,2,3,},9={{1,2},{2,3}},Q={U,,"2,"3}
PI'}'9={{",},{",，"3},?;2}'9={{"2},{"1,"3}},Pj3}'9={{"1,"2},{"3}}and,
PIv="="={Q}.
Ⅳ》9,Qandtheinitialinfbrmationofplayerlandplayer3aresameasinExamplel.Player2has
richerinitialinfbrmationthaninExamplel.D
Considerthegrandcoalitionagain.PlayerscanuseonlycommoninfOrmationinthecoalition・All
(prudent)playerscanuseonlythecommoninfbrmationinthecoalition.TheinfOrmationofeachplayer
inthegrandcoalitionisQandcoarserthantheinitialinfbrmation.Notethatthislinkcommunication
systemisnotnested.
ExaInple4.Thefbllowingcoarselinkcommunicationsystemcannotensurethenonemptinessof
thecore,whichisacounterexamplementionedinthelastparagraphintheprevioussection.
??
?? ?，?????????、?????、????????｜????
LetLu,and("2occurwithprobabilityO.5respectively.Andletplayers'payoffSbedefinedasthe
expectedpayoffSinthefbllowingmatrices.ThematrixinTablelisplayedat(AJ,andthematrixin
Table2isplayedatLu2.
Tablel:matrixplayedat", Table2:matrixplayedat(AJ2
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“ 1 A
??
A
??
A
??
1,1 1,0
A
??
0,1 0,0
(U2 A尚 A;
A
??
0,0 0,1
A
??
1’0 1,1
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Inthiscase,eachplayerinthegrandcoalitioncannotdistinct(u,from(AJ2.Hence,theyhaveto
choosethesameactioninbothmatrices.TherefOre,theexpectedpayoffS(ofallstrategies)areboth
0.5
Considerthatplayerldeviatesfromthegrandcoalition.HeorshecandistinctL4J,fromLL)2and
choosesAlat"j,andAfatLJ2.Thisstrategygivesplayerlthe(expected)payoffl.Henceplayerl
canbebetteroHbythedeviation.
TherefOre,thecoreinthisexamplewithacoarsecommunicationsystemisempty. □
5ConcludingRenlarks
Ourmainresultistheextensionsofsomeseminalworksintheliterature.Ourmodelisan
asymmetricinfbrmationversionofScarf(1971),Linkcommunicationsysteminthispaperismore
descriptivethanthenetworkcommunicationsystemofHirase(2009),andourframeworkallowspartial
communicationofplayerswhichisnotconsideredbyHiraseandUtsumi(2005).
WecanconsiderthefOllowingpointsasfUtureproblems.
Eventhoughweanalyzetheroleoflinksinthegraphindetail,Thelinksofgthemselvesaregiven
exogenously.Wewouldliketoconsiderthemodelinwhichthestructureofthelinksisendogenously
determined.ThatmeansconsideringasymmetricinfbrmationversionsofthemodelofinJacksonand
Wolinsky(1996),Watts(2001),andetc.andextendthemintotheasymmetricinfOrmationcase.
InfOrmationexchangedescribedinourmodeldoesnotnecessarilysatisfyincentivecompatible
constraintoftheplayers・WewouldliketodefineandexamineincentivecompatiblecoreasinFbrges
andMinelli(2001).
TheexamplesshowninSection4areratheradhoc.Wewouldalsoliketoapplyourmodeltothe
situationwhichdescribesmoreeconomicimplications，fbrexample;oligopolymarket,principal-agent
model,andetc.
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